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Abstract— The paper describes trajectory generation algo-
rithms based on nonlinear smoothing filters, which can be
applied to kinodynamic motion planning for mobile robots in
a two-dimensional or three-dimensional space. The trajectory
generators operate fully online to reach a given target point
according to a pursuit-based logic. The logic sets reference
inputs and dynamic constraints for a set of nonlinear filters,
whose output signals are finally used to compute the trajectory
compatibly with the kinematic model and the dynamic features
of the robot tracking such a trajectory. Since the target
point of the trajectory generator can be changed at any time
during motion, the algorithm can execute online smoothing
of straight-line reference paths, for example composed of via-
points assigned by a global planner on the basis of obstacle
avoidance rules.

I. INTRODUCTION

Generation of smooth motion trajectories, subject to kine-
matic and dynamic constraints, is a fundamental issues
in robotics. Motion planning is usually separated into the
geometric problem (path planning), whose solution is a
parametric path depending on an unspecified timing law to
become executable, and the actual trajectory planning, in
which the timing law for a given path is designed. Path
planning for mobile robots and autonomous vehicles must
take into account nonholonomic constraints and/or obstacles,
while constraints involved by dynamics laws and actuator
bounds must be addressed during the design of either timing
plans or tracking control algorithms, see [1] (Ch. 4,7,8).

The literature on path planning describes many solutions
to avoid collision with static or moving obstacles, see [2]. If
static obstacles are considered, robot motion can be planned
in advance and efficient, but computationally demanding,
interpolation methods can be applied. However, when the
tasks of the robot or the positions of obstacles are not fully
known a priori, paths must be adapted or re-planned online,
within hard real-time constraints. Moreover, any path must be
associated with a feasable timing law to become a trajectory
compatible with the dynamic features of the robot.

The trajectory generation solution first introduced by [3]
is specifically designed for online execution, thanks to its
limited computational demand and to its discrete-time behav-
ior. The output of the proposed trajectory generator is fully
specified (in cartesian coordinates) with respect to time and
has continuous curvature, so that it is compatible with with
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kinodynamic constraints (i.e. bounded linear/angular velocity
and acceleration) of unicycle-like robots. Finally, the input of
the trajectory generator can be either a sequence of fixed via-
points, along a straight-line path, or a time-varying reference
point, which may be provided by global planning algorithms
implementing obstacle avoidance, but not necessarily precise
geometric path design, since the smoothing action of the
trajectory generator compensates path discontinuities.

In this paper, we extend the contribution of [3] by
analysing the geometric features of generated trajectories and
by presenting some obstacle-avoidance use cases (Section
III). Moreover, Section IV describes an extension of the
motion algorithms to the three-dimensional case. Finally,
Section V, contains practical guidelines for the implemen-
tation of the trajectory generator on a low-cost DSP or
microcontroller and reports real experimental results.

II. TWO-DIMENSIONAL TRAJECTORY GENERATION

The nonlinear filtering approach adopted in this paper has
been exploited first, for one dimensional motion, in [4], a
paper that describes the design of a Variable Structure (VS)
dynamic system acting as a smoothing filter for rough (steps,
discontinuous ramps, etc.) position reference signals. The
filter achieves perfect tracking of the reference signal in
minimum time, compatibly with constraints on the first and
second-order derivative of the filter output. The VS system
is composed by a chain of two integrators and a nonlinear
controller that guarantees the requirement on bounded output
derivatives and minimum time response. The block diagram
of the filter, in the discrete-time case1, is shown in Fig.1.
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Fig. 1. Block diagram of a nonlinear filter for trajectory generation

The VS controller of the filter receives at each sampling
instant nT the following inputs: the position reference signal
rn and its time derivative ṙn, the current outputs of the

1All the filters described in the paper are discrete-time systems. The
sampling instant nT is dropped in all subsequent equations, to simplify
notation, and differentiation/integration are improperly denoted as the equiv-
alent continuous-time operations
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integrators (ẋn and xn), the bounds U on the accelera-
tion/deceleration and ẋM on the velocity absolute value.
Therefore, such bounds can be changed in real-time. The
control law proposed by [4] is a Sliding Mode (SM) con-
troller (see [5]), ensuring that the resulting trajectory always
reaches a sliding surface in the error phase plane (with
coordinates yn = xn − rn and ẏn = ẋn − ṙn), in minimum
time, without overshooting and without exceeding the bounds
U and ẋM . Once reached the surface, the SM brings the filter
towards a perfect tracking condition, which is also achieved
in minimum time.

The extension of this method to generate trajectories in
the two-dimensional operational space of a nonholonomic
mobile robot has been presented by [3]. The key idea is to
generate with two separate nonlinear filters, both structured
as shown in Fig. 1, linear velocity and orientation of the
trajectory, compatibly with dynamic constraints, and then
take into account kinematic constraints to obtain first-order
time derivatives of the trajectory in the cartesian space,
whose subsequent numerical integration defines the desired
position vector. Considering the class of unicycle-like mobile
robots, kinematic constraints require the robot configuration
vector [x, y, θ]T , being θ the orientation of the robot w.r.t. to
the fixed cartesian frame, to comply with:

ẋ = v cos θ
ẏ = v sin θ

θ̇ = ω
(1)

in which v and ω, respectively driving velocity and steering
velocity, are in most applications assumed as the control
inputs. Considering only the first two rows of Eq.(1), it is
clear that the generation of two sufficiently smooth signals
v(t) and θ(t) and the integration of ẋ and ẏ equals to
generate a trajectory compatibly with the kinematic model
of the unicycle. Dynamic constraints in the generation of
v(t) and θ(t) can be taken into account recalling that the
acceleration of a planar trajectory is given by the sum of
tangential and radial acceleration orthogonal vectors, whose
lengths are respectively at = v̇ and ar = v θ̇ = v ω. Both
components must be bounded to preserve the robot from
slipping. Limiting radial acceleration by reducing (without
zeroing) the driving velocity when ω �= 0, involves a
limitation also on the scalar curvature of the path, since the
latter is κ = ω/v = ω2/ar.

Minimization of time and space required to reach a given
target position can be achieved by maximizing linear veloc-
ity, within actuator limitation, when the robot is oriented
towards the target, and instead set driving speed as the
ratio between maximum allowed radial acceleration and
maximum steering velocity, when the robot must change
its orientation to point towards the target. The generation
of this change of orientation can be obtained following
the so-called planar pursuit-evasion approach and applying
the equations describing the geometric relationship between
a moving target, whose position and linear velocity are
denoted as [xt, yt]

T and vt in Fig. 2, and a tracking point,

characterized by [xd, yd]
T and vd in the figure. Such pursuit-

evasion equations can be found in [6].
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Fig. 2. Target interception geometry

In this section vt = 0 (i.e. fixed target positions) is
assumed, but the approach can be easily extended to consider
moving targets, as shown in Section III. If the orientation of
the trajectory generated by the filter is different from θe, then
this value should be set as the reference for the nonlinear
filter. During the turning phase necessary to align with the
target, steering velocity should be the highest possibile, while
driving velocity must be set to a maximum compatibly with
the bound on radial acceleration. Once that target alignment
is achieved, the final position is reached by triggering a
deceleration to zero velocity, as soon as the distance from
the target is equal to the space required to stop with given
bounds on v̇d and v̈d.

The block diagram of a nonlinear smoothing filter that
generates trajectories for a unicycle-like robot, in the way
just described, is shown in Fig. 3.
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Fig. 3. Block diagram of the nonlinear smoothing filter for mobile robotics

The block Velocity Nonlinear Filter of Fig. 3 is a filter
with the structure of Fig. 1, but its output is a driving velocity
vd (instead of a desired position), that perfectly tracks the
discontinuous reference velocity vr with bounds on first and
second-order derivatives (|v̇d| ≤ v̇M and |v̈d| ≤ Uv). The
Orientation Nonlinear Filter differs from the previous one
only in the calculation of the tracking error, which is limited
in the interval [−π;π]. The output of the filter is the desired



orientation θd tracking at best θe with bounded derivatives
(|θ̇d| ≤ θ̇M and |θ̈d| ≤ Uθ).

The Switching Logic is a finite state machine that sets the
reference signals vr, θr and θ̇r (v̇r = 0 at any time) and the
bounds of the orientation filter. The state machine contains
four states, namely Turning, Aligned, Stopping and Limit
Speed, and it formalizes the target approaching sequence
previously described (see [3] for the full details of the state
machine).

The behavior of the Switching Logic and, therefore, the
resulting geometric properties of the trajectories generated
by the filter, depend on the following parameters:

• vM : maximum allowed driving velocity. It is set as a
reference for the Velocity Nonlinear Filter only when
the trajectory is aligned with the target (state Aligned).

• ARM : maximum allowed radial acceleration. It affects
the resulting curvature of the path and it is used to
calculate the driving velocity limit in the states Turning
and Limit Speed. The latter state is required to slow
down before starting a curve.

• θ̇B: maximum allowed steering velocity. It is used to
limit the rate of change of the orientation along a curve
(i.e. Turning state), when the Orientation Nonlinear
Filter is forced to track θe.

• Rstop: distance required to decelerate from vr = vM
to vr = 0. This value, used in the guard condition to
switch from state Aligned to Stopping, can be easily
calculated since the output of the velocity filter is a
standard profile with trapezoidal first-order derivative
(acceleration, in this case). Rstop is obtained integrating
further this velocity profile.

The outputs of the velocity and orientation nonlinear filters
must be combined as follows:

ẋd = vd cos θd
ẏd = vd sin θd

(2)

and integrated to finally obtain [xd, yd]
T . Higher order time

derivatives ẋd, ẏd, ẍd, . . . are bounded up to the third order
and can be calculated from the full output vectors of the two
nonlinear filters, with equations obtained by differentiation
of Eq.(2).

Remark 1: Target position [xt, yt]
T can be abruptly

changed at any time. This event causes θd �= θe and,
therefore, forces a reduction of driving velocity, set to
ARM/θ̇B before starting the turning phase. In this way, radial
acceleration is guaranteed to be bounded by ARM .

Remark 2: The second-order time derivatives of velocity
and orientation are bounded, so that also third-order deriva-
tives [

...
xd,

...
y d]

T are limited. Moreover, this implies that the
curvature of the resulting path is continuous.

III. VIA-POINT COMMUTATION AND CASE-STUDIES

The role of the discrete-time nonlinear filter described in
Fig. 3 is to calculate online a smooth trajectory approaching
and reaching a target position. At each sampling instant, the
output vector of the filter is updated according to the error
between the current orientation of the trajectory and the one

that allows to reach the target point, compatibly with kin-
odynamic constraints. The resulting cartesian path depends
inherently on the time-varying setting of target position. If
the aim is to generate a trajectory among obstacles, a key
issue that needs to be solved is the adequate placement of
a sequence of via-points and, in addition, the definition of
conditions for selecting online one of these via-points as the
target of the smoothing filter. These tasks could be executed
by a higher-level planning algorithm, that is aware of the
location of obstacles and of the geometric properties of the
trajectory generated by the filter.

In particular, there are two features of the proposed non-
linear filter that must be considered. First of all, the design
of the Switching Logic guarantees that radial acceleration
is bounded by ARM , by means of a Limit Speed state that
precedes any turn. Moreover, since θ̇d can only vary linearly
with a constant rate Uθ, it means that the curvature and its
time derivative are bounded by:

κM =
θ̇2B
ARM

; κ̇M =
Uθ θ̇B
ARM

(3)

Therefore, the trajectories generated with the proposed
approach have the same properties of Continuous-Curvature
paths (CC-paths) described by [7] or [8], namely they are
composed of linear segments, clothoid arcs (i.e. arcs with
linearly increasing curvature) and circular arcs of radius
κ−1
M . The key differences are that the trajectory generator

described in previous section does not compute esplicilty
the clothoids, since the latter are inherently the output of
the nonlinear filter, and that the resulting clothoid arcs are
specified w.r.t time, instead of arc length. Moreover, since the
driving velocity is exactly vd = ARM/θ̇B in any curved part
of the trajectory, by design, there is no need for a time-scaling
law to guarantee the geometry of the path or to comply with
dynamic constraints, which is instead the approach of [8].
The geometric features of CC-paths (see [7]) can be revisited
for the case under study considering the trajectory plotted in
Fig.4, including a curve near a via-point denoted with A. In
the figure, the current state of the nonlinear filter Switching
Logic is highligted by the color of the path. As can be seen,
the first part of the curve is a clothoid arc, more precisely
an arc whose sharpness is:

σM =
κ̇M
vd

=
Uθ

v2d
. (4)

The objective of this analysis is to determine the condition
for changing the target point of the nonlinear filter from a
via-point to another and obtain a smooth path that remains
as much as possible along the straight lines connecting via-
points. The key information that is required to evaluate this
condition is the length AB, which is the distance from the
via-point at which a curve must be initiated to obtain a
symmetric trajectory analogous to the paths described by [7].
Assuming, without loss of generality, that B is the origin,
from the theory of clothoids we obtain the coordinates of
B′, the point in which the curvature reaches the maximum
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Fig. 4. Trajectory generated by nonlinear filtering and Switching Logic
states: Limit Speed (purple), Turning with increasing curvature (green),
Turning with maximum curvature (red), Aligned (blue)

admissible value (CF and SF denote the Fresnel integrals):

xB′ =
√

π
σM

CF

(√
κ2
M

πσM

)

yB′ =
√

π
σM

SF

(√
κ2
M

πσM

) (5)

and the orientation:

θB′ =
κ2M
2σM

(6)

It is then possible to calculate the length BC, knowing
the maximum radius of curvature κ−1

M , and the angles μ, γ1,
γ2 and γ3, from basic trigonometry. Finally, applying known
theorems on triangles, we obtain:

AB = BC
sin γ3
sin γ1

(7)

It is important to note that all the results, excluding Eq.7,
depend only on the bounds applied to the nonlinear filter.
If such bounds constant, the only value that should be
calculated online and for each via-point is AB. Otherwise,
since the bounds of the nonlinear filter can also be changed
in real-time, this additional degree of freedom can be used
to increase the curvature of the trajectory in case of narrow
passages, in which the via-point should be approached as
much as possible.
Case study 1: path smoothing among static obstacles

Obstacle-avoiding paths among static obstacles can be
obtained by means of a properly defined interaction between
the nonlinear filter and a global planner. The latter can place
a set of via-points, using any collision-avoidance algorithm,
among the obstacles and can calculate for each via-point the
commutation distance (which is actually the sum of AB plus
the distance required to reduce linear velocity from vM to
ARM/θ̇B), so that continuous-curvature trajectories smooth-
ing straight-line paths remain collision-free. The complete

sequence of via-points, together with related commutation
distance, can be stored in a queue and can be managed online
by a simple algorithm, extracting from the queue a via-point
to be selected as the current target point of the filter and
continuously updating the distance from the output of the
filter to the via-point to promptly detect the commutation
condition. As an example, Fig. 5 shows a trajectory generated
applying a sequence of fixed via-points, marked by stars,
along a path composed of straight lines among obstacles
(grey rectangles). The target point of the nonlinear filter is
always changed exactly when the filter output is at a distance
from the current via-point such that at the end of the turning
phase, triggered by the target commutation, the trajectory is
exactly oriented along the straight line connecting the current
via-point with the subsequent one.
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Fig. 5. Straight-line path among obstacles, with via-points (stars) and
resulting smooth trajectory generated by the nonlinear filter (red)

Case study 2: avoiding moving obstacles
The target point for the nonlinear filter can also have a

given linear velocity. A practical case that may be addressed
using this feature of the proposed nonlinear filter is a
highway-like context, in which slower vehicles move in the
same direction of the controlled mobile robot. If the robot
has to pass in front of the slower vehicle, it is possible apply
the following target point commutation strategy:

1) when the robot is behind the slow vehicle, the target is
set as a point aligned with the back of other vehicle,
but shifted at the left or at the right (if admissible) by
a given safety distance, and moving at the same speed
of the other vehicle;

2) once that the previous target is reached, the target is
shifted forward of a given distance and is kept moving
with a given velocity, slightly greater than that of the
slower vehicle;

3) once the the previous target is reached, the target is
set as a point in front of the other vehicle and is kept
moving with a given velocity, slightly greater than that
of the slower vehicle.



At the end of this manoeuver, the robot has completed
the pass and has safely avoided the moving obstacle with
a smooth trajectory. An example of a trajectory achieving
this behavior is shown in Fig. 6, in which the three different
moving target points, as previously described, are denoted
with green triangles.
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Fig. 6. Smooth trajectory (blue) to pass a slower robot (red) moving in
the same direction

IV. EXTENSION TO THREE-DIMENSIONAL SPACE

Another domain that could be of interest for the applica-
tion of the proposed online trajectory generation method is
the one of Unmanned Aerial Vehicles (UAVs). For a given
class of UAVs (e.g. fixed wing aircrafts), the target tracking
logic of the nonlinear smoothing filter can be extended to
the three-dimensional space by using the pursuit-evasion
geometry shown in Fig. 7.

dLθ

dLψ

tLψtLθ

Lθ

Lψ

XI

X  = VD

YD

ZD

YI

ZI XL
X  = VT

YT

ZT

R

T

D

LOS

Fig. 7. Pursuit-evasion in three-dimensional space

In particular, it is assumed that the target point may have a
velocity directed as the x-axis of an (XT , YT , ZT ) coordinate
system, while the output of the trajectory generator has
an equivalent linear velocity directed as the x-axis of the
(XD, YD, ZD) coordinate system. These coordinate systems
are specified by the coordinates [xt, yt, zt] and [xd, yd, zd]
of their origin w.r.t. the reference system (XI , YI , ZI) and
by their azimuth angle ψ and elevation angle θ. In the
figure, (ψL, θL) denotes the orientation of the line of sight
(LOS) vector w.r.t. the reference system, while (ψtL, θtL)
and (ψdL, θdL) denote the orientation respectively of the
target velocity and the velocity of the output trajectory w.r.t.
to (XL, YL, ZL), the LOS coordinate system.

A smooth three-dimensional trajectory reaching the target
point, in the sense that the length of the LOS vector R

tends to zero, can be computed by a nonlinear filter with
a structure similar to the one shown in Fig. 3, but including
three different one-dimensional nonlinear filters: one for the
linear velocity vd and two for the azimuth and elevation
angles (ψd, θd), w.r.t. the reference system. The final output
of the trajectory generator can be computed according to the
following kinematic model:

ẋd = vd cosψd cos θd
ẏd = vd sinψd cos θd
żd = vd sin θd

(8)

The switching logic of the three-dimensional trajectory
generator is also similar to the one described in Section
II, but it sets the reference signals for the two smoothing
filters related to orientation angles using the pursuit-evasion
equations described, among others, in [9], here omitted for
brevity.

Remark 3: The kinematic model of Eq. 8 is compatible
with the motion of a fixed wing UAV, assuming that the
dynamics of the autopilot can be neglected. This model can
also be used for trajectory tracking control design based on
dynamic feedback linearization, as shown in [10].

Remark 4: With the nonlinear filter based on the kine-
matic model of Eq. 8 it is possibile to obtain trajectories with
bounded curvature, but it is more difficult to apply a via-point
commutation strategy based on the theory of clothoids, as
described in Section III. For some applications (e.g. motion
planning of robotic manipulators instead of UAVs), it would
be preferable to preserve strict alignment with the straight-
line path connecting via-points. In that case, the commuta-
tion strategy of Section III can be extended to the three-
dimensional space by using the two-dimensional nonlinear
filter, constrained on the plane containing three subsequent
target points, and mapping the output of filter from 2D to
3D by using properly calculated transformation matrices. An
example of a three-dimensional trajectory generated by the
proposed nonlinear filter from a starting point to a final one
with a single via-point is shown in Fig. 8.

V. IMPLEMENTATION AND EXPERIMENTS

The proposed nonlinear filter has been tested on a in-house
built differential-drive platform, with custom electronics. The
trajectory generation algorithm described in Section II have
been implemented on a motion control card based on a
dsPIC30F by Microchip Technology, which is a 16-bit fixed-
point Digital Signal Controller (DSC) executing up to 30
MIPS. The DSC implements also the dynamic feedback
linearization controller described in [3].

The performance of the DSC have been optimized using
only fixed-point computations and proper scaling of the
variables in the code, to avoid as much as possibile the use of
division operations. The full implementation of the trajectory
generator of Fig.3 is computed by the DSC in less than
700 μs, which allowed to safely set the sampling frequency
of the full control system at 256 Hz (i.e. 28 Hz or T =
3.90625 ms). Finally, a global planner can interact with the
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Fig. 8. Example of 3D smooth trajectory generated by the proposed
nonlinear filter.

trajectory generator by setting the sequence of cartesian via-
points, together with related via-point commutation distance,
through serial communication.

In its current form, the implementation of the trajectory
tracking control loop exploits the feedback obtained from
wheel odometry estimates and their numerical differentiation.
Even if this estimate may be enhanced using inertial sensors,
the control performance can be fairly evaluated on the basis
of the norm of the tracking error w.r.t. odometry. This norm,
measured during experiments on the reference trajectory of
Fig.5, is always lower than 11.5 mm, with an average value
of 3.9 mm. Fig. 9 shows the error measurements in the two
distinct coordinates. These good tracking performances are
better than those described by [11] and [12], which used
robots with comparable dynamic performances and similar
control methods. It is also important to remark that in these
experiments only a 16-bit DSC-based control board has
been used, while [11] and [12] used also powerful PCs
equipped with Intel Pentium II or Core 2 Duo processors
and floating-point capabilities, even though running control
loops at slower frequencies (respectively 20 Hz and 35 Hz)
because of overall system load.

In particular, Fig. 9 shows that even during initial transient,
in which the robot accelerates from zero to maximum linear
velocity, tracking is accurate thanks to the feedforward
action, the compensation of robot dynamics by means of
driving force τd and steering torque τs control inputs and
the smoothness of generated trajectory.

Further information and full source code of
the firmware for the motion control board used
in the experiments can be downloaded from
http://sact-unife.googlecode.com.

VI. CONCLUSION

The paper has described an approach to trajectory gen-
eration for mobile robots based on the theory of nonlinear
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Fig. 9. Tracking error in the cartesian space

smoothing filters. The trajectories obtained from the filter
have continuous curvature and are inherently compatible with
kinematic and dynamic constraints of a classical unicycle-
like robot. Accurate trajectory tracking can be achieved with
a control system based on I/O linearization with dynamic
state feedback. A global path planner can interact with the
trajectory generator by simply setting sequences of fixed via-
points or reference points moving along non-smooth and
obstacle-free paths.
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